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Motivation

Why bringing quantum information science
into QFT, and QCD in particular?

@ Offers wider perspective on the quantumness of QFT

@ Builds on quantities different from the traditional correlation functions and
scattering amplitudes

@ Brings in new concepts, such as entanglement and complexity
@ Allows characterize matter phases of topological origin

@ Opens new simulation paradigms, as analog and digital quantum
computing
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Quantum simulation

Prominent QCD phenomena unreachable with
current lattice simulations

@ Finite baryon density
@ Real time dynamics
@ Time-like hadron form factors

@ Quark-gluon fragmentation, inelastic processes

Beyond QCD: quantum gravity, condensed matter, - - -



High stakes and a lot of hype

Quantum Computing: a
future perspective for
scientific computing

Quantum Computing

Karl Jansen
Cairns, The XVIth Quark Confinement and
the Hadron Spectrum Conference, 19.8.2024



QC for high energy, nuclear and condensed matter physics

Leaving the era of 1+1 dimensional toy models

Ty

> real time simulation > real time simulation -
— thermalization — string breaking,
— scattering formation of bound states >
— quenching > collisions, scattering >
> various spin models > non-perturbative >
> thermal field theory renormalization S
> .. > .. >

= -

simulations of heavy ion
collisions

quark gluon plasma
nuclear physics
multi-Higgs models
conformal field theories

= Completely new insight in condensed matter and high energy physics!

DESY. | Quantum Computing: a future perspective for scientific computing | Karl Jansen | Cairns, The XVIth Quark Confinement and the Hadron Spectrum Conference, 19.8.2024 Page 52



Entaglement

— State vector in bipartite Hilbert space: |WU(A, B))e H = Ha Q@ H,
— State operator (“density matrix”): p(A, B) = |V (A, B)}XV(A, B)|
— Since (A, B) is pure state: p(A, B)* = j(A, B)

— Reduced density matrix: p(A) = Trp p(A, B)

— If p(A)? # p(A) = |¥(A, B))(orpa) is entangled



Measures of entanglement

— Entanglement entropy: S = —Trp Inp



Measures of entanglement

— Entanglement entropy: S = —Trp Inp

— Purity: P = Tr p?



Measures of entanglement

— Entanglement entropy: S = —Trp Inp
— Purity: P = Tr p?
1

—n

— Rényi entropies: 5, = ] InTr p"



Measures of entanglement

— Entanglement entropy: S = —Trp Inp
— Purity: P = Tr p?
1

—n

— Rényi entropies: 5, = ] InTr p"

— Replica trick*: S = lim S,

n—1



Measures of entanglement

— Entanglement entropy: S = —Trp Inp

— Purity: P = Tr p?

1
— Rényi entropies: 5, = 1—n InTr p"
—n

— Replica trick*: S = lim S,

n—1

* In practice, not always possible to take n — 1.
Use another representation of the log, maintaining n finite:
— distributional zeta-function method (Svaiter & Svaiter)



Most studies

Entanglement in real space:
— Entanglement between a spatial region (V ~ R9) and its complement (—V)*
pv = Tr_ypyac = Tr_y |vac)(vac|
S(V) =Tr_ypylnpy = gdfl(R) A +--+ 0 (R) A+ g()(R) InA + S()(R)

A : cutoff, g, ~ R"™, Sy : finite

— A motivation: local measurements, spatial correlations readily accessible

— True, BUT finite resolution, measurements up to a momentum scale

— This talk: entanglement in momentum-space, entanglement in the QCD vacuum
— Our aim: get insight, gather knowledge on such “new observables” and

perhaps understand better the QCD vacuum

* Casini & Huerta. J. Phvs. A 42. 504007 (2009)



Entanglement in the QCD vaccum - SySB

@ QCD in light-quark sector: approximate SUL(3) ® SUr(3) symmetry
@ Limit of exact symmetry: the symmetry is spontaneously broken (SSB)
@ A consequence of SSB: vacuum condensate (quark-mass generation)

@ Condensate: quark-antiquark-gluon correlation (entanglement)
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Entanglement in the QCD vaccum - SySB

@ QCD in light-quark sector: approximate SU(3) ® SUg(3) symmetry
@ Limit of exact symmetry: the symmetry is spontaneously broken (SSB)
@ A consequence of SSB: vacuum condensate (quark-mass generation)

@ Condensate: quark-antiquark-gluon correlation (entanglement)

How to quantify the quark-antiquark-gluon
entanglement in SySB vacuum?
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Entanglement in the SYSB vacuum

@ Construct the SSB vacuum state vector |(2)
@ Compute the corresponding state operator p = |2)((}|
@ Take partial trace over quark (or antiquark and gluon) d.o.f.

@ Compute e.g. purity P, a Rényi entropy S,,, or entanglement entropy S
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@ Take partial trace over quark (or antiquark and gluon) d.o.f.

@ Compute e.g. purity P, a Rényi entropy S,,, or entanglement entropy S

An “easy” way to implement this in practice®: A

1) start with thermal density matrix p = e #Hqcp - g — 1/

2) compute partial traces and entropies

3) at the end, take T — 0
* B. Andrade (IFT, 2020), M. Martins (IFT, 2021), PRD 106, 065024 (2022), PRD 107, 125014 (2023)
Lattice QCD (YM): Buividovich & Polikarpov (2008) - - - Rindlisbacher et al. (2022) - - -

Talks here: Bulgarelli, Tagliacozzo, Rico
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An “easy” way to implement this in practice®: A

1) start with thermal density matrix p = e #Hqcp - g — 1/

2) compute partial traces and entropies

3) at the end, take T — 0
* B. Andrade (IFT, 2020), M. Martins (IFT, 2021), PRD 106, 065024 (2022), PRD 107, 125014 (2023)
Lattice QCD (YM): Buividovich & Polikarpov (2008) - - - Rindlisbacher et al. (2022) - -

Talks here: Bulgarelli, Tagliacozzo, Rico

Here: Coulomb gauge QCD Hamiltonian in continuum
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QCD in Coulomb gauge®

Hqep = Hy + Hg + Hry
H, = J P! (@)|a- (¥ + gt A% () + o | ()
=& [ [ @yt p@aa -0 -0 -0 -0 @) e
Hr = 5 % (AN @) - JANE @) + B (@) - B (a)

J[A] =Det(—D-9), T%=-E° D=0d+gA

p(x) = [ AN () - TX%(x) + oy, (), () = ¢l (@)t ()

* H. Reinhardt et al. Adv. High Energy Phys. 2018, 2312498
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Variational approach”

Variational vacuum state:

Q) = Ve @A) |0)

(v, 4) = Jd%ld%z [zziwa:l)K(mhmg,A)zz?(xQ) b st m2) A2 (21) A 2)

1 R N N
+ 30 BridProdxs u?fﬁ(ml, T2, T3) A?(wl)Aﬁ(wz)Ai(w:s)

1 o ~ ~ o
+ I Jd3$1d3$2d3$3d3$4 ’Ufjbkcld(wh o, T3, £C4) A;l (Jil)Ag (ZL’Q)AE (1:3)14?(334)
Ansatze for K, w, u, and v determine them by minimizing the
vacuum energy (gap equations): Ey.. = (Q|Hqcp|Q)

* H. Reinhardt et al. Adv. High Energy Phys. 2018, 2312498
13



Variational approach - gluon propagator®

S
=
&5

SU(2) static gluon propagator

S

0.35
D (@ —y) = QAN () AL (y)|)
g/ 0.2
015} Well fitted by Gribov formula:
0.1
g 2
0.05} p
D(p?) = ——
% 2 4 s 8 10 ( ) p* + M4
P M ~ 880 MeV
= Lattice

- -~ Gaussian functional
—— Non-Gaussian functional

* H. Reinhardt et al. Adv. High Energy Phys. 2018, 2312498

14



Variational approach - quark propagator”

200

Coupling included
Without coupling —---

M [McV]

S(p) =

Coupling: gluons in the vacuum functional

* H. Reinhardt et al. Adv. High Energy Phys. 2018, 2312498

2

Quark mass function:

Z(p)
p? + M?(p?)

Static quark propagator

Sy (@—y) = SOl (@), )R

[a-p+BM(p?)]

15



Entanglement: analytical computation, insightful

Model: “Integrate out” the gluons

— Vacuum:

[9)} :Ne‘i’(¢)|0> with <i> 25 tanf(p p,s)q ( D, 5)
— Quark field operator 1[)0]0( ):

d(a) = fzem (9)d(p.s) + va(~p) i (~p.5)]

EN)
- T 0.0 Q) + V(91 Q' (.9
— Vacua [0) & |Q):

Q0,90 =m0 =0,  Om.s)) = OB =0

16



The spinors & chiral angle

B | Ep +mg 1 _ Ep +mg ﬁ
u(pa S) - 2Ep (E:;Lfna Xsa ’U(pv 8) - 2Ep 1 Xs

o |E@) + M(p) 1 o _  |E®) + M(P) (smyiim
Uip:s) = 2&(p) <5(p)ci§\74(p)> Xe Vip.s) 2&(p) ( 1

E, =y/p*+m3, &(p) =+/p*+ M?(p)

M(p) _
‘ 29( ) . W when mo = 0
’ M<P>—mo<p) when mg % 0
&(p) Ey



Compute traces: coherent states

—Eigenstates of the annihilation operators

Definition:
R 2 d"
q |Zq> = Zq |Zq>a |Zq> =7 0)

A _ At
ql2q) = 2zg|2g), |zg) = €*79°10)

18



Compute traces: coherent states

—Eigenstates of the annihilation operators

Definition:
. 5t
4|zq) = 2q 124 |zg) = ¥ 1 {0)
a _at
lzq) = zq|2q): |2g) = €779°|0)
Completeness:
[pegpeetmayi =1, [ DagDae T e -1
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Compute traces: coherent states

—Eigenstates of the annihilation operators

Definition:
R ot
G lzg) = 24129, |zg) = €*7°]0)
a _at
q|zq) = zg|2q) |zg) = e*771{0)
Completeness:
[pegpeetmayi =1, [ DagDae T e -1
Partial Trace:
10, 0(61,.0',) = | DsDay 50 (~2710G .41, Do)
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Reduced vacuum density matrix (quarks)
—Trace p = |Q2)(€2| over antiquarks

Reduced density operator (quarks):

. CaE o
pa = Trg |9XQ = Ny [ DazDzg e (-2l

DZ;DZ?? = Hdzg(pa s)dzq(p7 8)7 Z; TRq = Zzg(pv 5)26(p7 8)
p,s p,s
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pa = Trg |9XQ = Ny [ DazDzg e (-2l
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Matrix element of p:
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Entropies
Rényi entropies:

1
1-n

Sn

In Tr, p

d3p

1—n

_ 2NN J

Entanglement entropy:

— —2N,N; VJ

(27)?

d3p

(27)?

[In(1 + tan®' 6(p)) — nlog(1 + tan6(p))]

[ln(l + tan®d(p))

B tan?0(p) In(tan? 6(p))

1 + tan? 6(p)

|

20



First look - NJL model

NJL Hamiltonian:

i = [ (i (@)(~ia- 2)i(@) + G [(D(@)v(@)? + (b()iverv(@)?]}

Chiral angle: tan20(p) = %

Minimize the vacuum energy: gap equation

a3 2GN.N; (* M
ptan260(p) = 4GNCfo—p sin20(p) =~ f dpp? ——— N
0 2 + 1\12

T2

(2m)?
Condensate:
d3p M

_ dS
() = —2N Ny J ﬁ sin 20(p) = —2N.N; f o VI

21



First look - NJL model

30

25

20r

05

oot

G = GA?

3 colors, 2 flavors

22



First look - NJL model

Enfropies

[REIS
oizf
oo}
oosf
o6 F
0.04F
oozf

0.00F

— Entanglement Entropy
—— Second Rényi Entropy
—— Third Rényi Entropy

23



Model - QCD Coulomb gauge Hamiltonian
i = j P ! () (~ia- 0+ moyi(e) - f dad®y ol (2) Vel|z — y]) pl ()

# 5 [ ey J2@) DY@ ) S5 )

@) = i@, D=y = (37 ) Do v

A choice of potentials: fit to lattice data of hyperfine splitting of light hadron masses
(LLanes-Estrada et al. Phys. Rev. C, vol. 70, p. 035202, 2004)

8ro  4dra Az
Ve=Vi+Vs=—+ (p)7 a(p) = 3/2
[ﬁ log(c + pQ/A?QCD)]

pt p?

—4rar
1.42
(p* +mg/4) In"" (7 + p*/mj)

D(p) =

Z =594, ¢c=40.68, B8=10.08, m, =550MeV, ar =05, 7=1.05
24



Gap equation

One needs to find 6(p) or, equivalently, M (p):
Minimize the vacuum energy <Q\f]\Q>

3
M(p) = mo + 3 [ 15 [Fp )Vallp K + 261 (0. 1) D(lp — )|

Fi(p k) = W) Mg

Ek)  E(k) p”

_ M(k)  M(p)k(p-k—p*)(p k—Fk)
Gk =hy T ER) p phlp kP

25



Mass function

1000

100

WMip) (MeV]

=10 MeV
— =150 MeV

—  =600MeV

p [Mev]
Generic features:
1. SSB dressing in M (p?) large in the infrared (low momenta)
2. Relative SSB dressing, M (p?) — my, increases with mq

3. BUT (M(p ~ 0) —mg)/mq gets smaller for heavier quarks.

0 1000 2000 2000 4000 5000

26



Entanglement entropy: first lesson

1) In the chiral limit, the EE density is finite, because*:

1
M(p) ~ , =0.84
®) p? (Inp?/Ajep) ™ !
2) Away from the chiral limit, the EE runs, because:
m
M@P?) ~ —5r5—
(Inp?/Aqcp)

* Burgio et al. PRD 86, 014506, lattice QCD in Coulomb gauge

Are these model independent features of QCD?

27



Entanglement entropy: myg dependence

s (mo) s1,(0) s5(0)  chiral limit
0) = —F—— <
" Sg(mo) sg(mo) explicit chiral breaking

10 50 100 500
mp [MeV]

28



Entanglement entropy: second lesson

1) EE grows with explicit symmetry breaking (mg # 0), because

M (p?) increases due to my, not due to the interaction

2) Artifact due to definition of |Q2): |0) includes my

For a better assessment of SSB on EE, ratio of EE with and without interaction

29



Entanglement entropy: dressing effect

Integral for EE up to p = A and make ratio:

Sé(moJ\) sé(mo,A) : with interaction
sp(mo, A) = f ) s . .
s (mo, A s3(mo, A) : no interaction
100 —— my =10 MeV
50 — =150 MeV
o = 600 MeV

A [MaV]

30



Entanglement entropy: third lesson

— EE reveals a clear signal of the QCD chiral SSB
— EE integrand reveals quark-antiquark entangling momentum-scale

— Entanglement strength is strongly suppressed by explicit ySB

31
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1. A first calculation of the quark-antiquark entanglement entropy (EE) in
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Conclusions and Perspectives

1. A first calculation of the quark-antiquark entanglement entropy (EE) in
the quark condensate

2. In the chiral limit this EE is finite

3. Away from the chiral limit, this EE runs, with a running dictated by the
explicit symmetry breaking running of the quark mass function

4. Used a model to obtain explicit results
5. Next: explicit gluon d.o.f. (work with D. Rosa Jr.)
6. Role of topological configurations on creating entanglement

7. Comparisons with lattice QCD simulations, when available
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