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Motivation

Why bringing quantum information science
into QFT, and QCD in particular?

Offers wider perspective on the quantumness of QFT

Builds on quantities different from the traditional correlation functions and
scattering amplitudes

Brings in new concepts, such as entanglement and complexity

Allows characterize matter phases of topological origin

Opens new simulation paradigms, as analog and digital quantum
computing
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Quantum simulation

Prominent QCD phenomena unreachable with

current lattice simulations

Finite baryon density

Real time dynamics

Time-like hadron form factors

Quark-gluon fragmentation, inelastic processes

Beyond QCD: quantum gravity, condensed matter, ¨ ¨ ¨
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High stakes and a lot of hype
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Entaglement

— State vector in bipartite Hilbert space: |ΨpA,Bqy P H “ HA b Hb

— State operator (“density matrix”): ρ̂pA,Bq “ |ΨpA,BqyxΨpA,Bq|

— Since ρ̂pA,Bq is pure state: ρ̂pA,Bq
2

“ ρ̂pA,Bq

— Reduced density matrix: ρ̂pAq “ TrB ρ̂pA,Bq

— If ρ̂pAq2 ‰ ρ̂pAq ñ |ΨpA,Bqy por ρ̂Aq is entangled

7



Measures of entanglement

— Entanglement entropy: S “ ´Tr ρ̂ ln ρ̂

— Purity: P “ Tr ρ̂2

— Rényi entropies: Sn “
1

1 ´ n
lnTr ρ̂n

— Replica trick˚: S “ lim
nÑ1

Sn

˚ In practice, not always possible to take n Ñ 1.
Use another representation of the log, maintaining n finite:
– distributional zeta-function method (Svaiter & Svaiter)
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Most studies
Entanglement in real space:

— Entanglement between a spatial region (V „ Rd) and its complement (´V )˚

ρV “ Tr´V ρvac “ Tr´V |vacyxvac|

SpV q “ Tr´V ρV ln ρV “ gd´1pRqΛd´1 ` ¨ ¨ ¨ ` g1pRqΛ ` g0pRq ln Λ ` S0pRq

Λ : cutoff, gn „ Rn, S0 : finite

— A motivation: local measurements, spatial correlations readily accessible

— True, BUT finite resolution, measurements up to a momentum scale

— This talk: entanglement in momentum-space, entanglement in the QCD vacuum

— Our aim: get insight, gather knowledge on such “new observables” and
perhaps understand better the QCD vacuum

˚ Casini & Huerta, J. Phys. A 42, 504007 (2009)
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Entanglement in the QCD vaccum - SχSB

QCD in light-quark sector: approximate SULp3q b SURp3q symmetry

Limit of exact symmetry: the symmetry is spontaneously broken (SSB)

A consequence of SSB: vacuum condensate (quark-mass generation)

Condensate: quark-antiquark-gluon correlation (entanglement)

How to quantify the quark-antiquark-gluon
entanglement in SχSB vacuum?
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Entanglement in the SχSB vacuum
Construct the SSB vacuum state vector |Ωy

Compute the corresponding state operator ρ̂ “ |ΩyxΩ|

Take partial trace over quark (or antiquark and gluon) d.o.f.

Compute e.g. purity P , a Rényi entropy Sn, or entanglement entropy S

An “easy” way to implement this in practice˚:
1) start with thermal density matrix ρ̂ “ e´βĤQCD , β “ 1{T

2) compute partial traces and entropies

3) at the end, take T Ñ 0

˚ B. Andrade (IFT, 2020), M. Martins (IFT, 2021), PRD 106, 065024 (2022), PRD 107, 125014 (2023)

Lattice QCD (YM): Buividovich & Polikarpov (2008) ¨ ¨ ¨ Rindlisbacher et al. (2022) ¨ ¨ ¨

Talks here: Bulgarelli, Tagliacozzo, Rico

Here: Coulomb gauge QCD Hamiltonian in continuum
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QCD in Coulomb gauge˚

HQCD “ Hq `HC `HT

Hq “

ż

d3xψ:pxq

”

α ¨
`

´i∇ ` gtaAapxq
˘

` βm0

ı

ψpxq

HC “
g2

2

ż

d3x

ż

d3y JrAs´1ρapxqJrAs

”

p´D̂ ¨ BBBq´1p´BBB
2
qp´D̂ ¨ BBBq´1

ıab

px,yq ρbpyq

HT “
1

2

ż

d3x
`

J´1rAsΠapxq ¨ JrAsΠapxq ` Bapxq ¨ Bapxq
˘

JrAs “ Detp´D̂ ¨ BBBq, Πa “ ´Ea, D̂ “ BBB ` gA

ρapxq “ fabcAbpxq ¨ Πcpxq ` ρampxq, ρampxq “ ψ:pxqtaψpxq

˚ H. Reinhardt et al. Adv. High Energy Phys. 2018, 2312498
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Variational approach˚

Variational vacuum state:

|Ωy “ N e´Φ̂pψ,Aq |0y

Φ̂pψ,Aq “

ż

d3x1d
3x2

„

ψ̂:px1qKpx1,x2,Aq ψ̂px2q `
1

2
ωabij px1,x2qÂai px1qÂbjpx2q

ȷ

`
1

3!

ż

d3x1d
3x2d

3x3 u
abc
ijkpx1,x2,x3q Âai px1qÂbjpx2qÂcjpx3q

`
1

4!

ż

d3x1d
3x2d

3x3d
3x4 v

abcd
ijkl px1,x2,x3,x4q Âai px1qÂbjpx2qÂckpx3qÂdl px4q

Ansätze for K, ω, u, and v determine them by minimizing the

vacuum energy (gap equations): Evac “ xΩ|ĤQCD|Ωy

˚ H. Reinhardt et al. Adv. High Energy Phys. 2018, 2312498
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Variational approach - gluon propagator˚

SU(2) static gluon propagator

Dab
ij px ´ yq “ xΩ|Aai pxqAbjpyq|Ωy

Well fitted by Gribov formula:

Dpp2q “
p2

p4 `M4

M » 880 MeV

˚ H. Reinhardt et al. Adv. High Energy Phys. 2018, 2312498
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Variational approach - quark propagator˚

Static quark propagator

Sijαβpx´yq “
1

2
xΩ|rψiαpxq, ψjβpyqs|Ωy

Quark mass function:

Sppq “
Zppq

2
a

p2 `M2pp2q

“

α ¨ p ` βMpp2q
‰

Coupling: gluons in the vacuum functional

˚ H. Reinhardt et al. Adv. High Energy Phys. 2018, 2312498
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Entanglement: analytical computation, insightful

Model: “Integrate out” the gluons
— Vacuum:

|Ωy “ N e´Φ̂pψq|0y with Φ̂pψq “
ÿ

p,s

s tan θppq q̂:pp, sqˆ̄q:p´p, sq

— Quark field operator ψ̂cf pxq:

ψ̂pxq “
1

?
V

ÿ

p,s

eip¨x
“

usppq q̂pp, sq ` vsp´pq ˆ̄q:p´p, sq
‰

“
1

?
V

ÿ

p,s

eip¨x

„

Usppq Q̂pp, sq ` Vsp´pq Q̂
:

p´p, sq

ȷ

— Vacua |0y & |Ωy:

q̂pp, sq|0y “ ˆ̄q:pp, sq|0y “ 0, Q̂pp, sq|Ωy “ Q̂
:

sppq|Ωy “ 0

16



The spinors & chiral angle

upp, sq “

d

Ep `m0

2Ep

˜

1
σ¨p

Ep`m0

¸

χs, vpp, sq “

d

Ep `m0

2Ep

ˆ σ¨p
Ep`m0

1

˙

χs

Upp, sq “

d

Eppq `Mppq

2Eppq

˜

1
σ¨p

Eppq`Mppq

¸

χs, V pp, sq “

d

Eppq `Mppq

2Eppq

ˆ σ¨p
Eppq`Mppq

1

˙

χs

Ep “

b

p2 `m2
0, Eppq “

a

p2 `M2ppq

sin 2θppq “

$

’

’

’

&

’

’

’

%

Mppq

Eppq
when m0 “ 0

Mppq ´m0

Eppq

ˆ

p

Ep

˙

when m0 ‰ 0

17



Compute traces: coherent states
—Eigenstates of the annihilation operators

Definition:

q̂ |zqy “ zq |zqy, |zqy “ ezq q̂
:

|0y

ˆ̄q |zq̄y “ zq̄ |zq̄y, |zq̄y “ ezq̄
ˆ̄q:

|0y

Completeness:
ż

Dz˚
qDzq e´z˚

q ¨zq |zqyxz˚
q | “ 1,

ż

Dz˚
q̄Dzq̄ e´z˚

q̄ ¨zq̄ |zq̄yxz˚
q̄ | “ 1

Partial Trace:

Trq̄ Ôpq̂:, q̂, ˆ̄q:, ˆ̄qq “

ż

Dz˚
q̄Dzq̄ e´z˚

q̄ ¨zq̄ x´z˚
q̄ |Ôpq̂:, q̂, ˆ̄q:, ˆ̄qq|zq̄y
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q̄ |Ôpq̂:, q̂, ˆ̄q:, ˆ̄qq|zq̄y

18



Compute traces: coherent states
—Eigenstates of the annihilation operators

Definition:

q̂ |zqy “ zq |zqy, |zqy “ ezq q̂
:

|0y

ˆ̄q |zq̄y “ zq̄ |zq̄y, |zq̄y “ ezq̄
ˆ̄q:

|0y

Completeness:
ż

Dz˚
qDzq e´z˚

q ¨zq |zqyxz˚
q | “ 1,

ż

Dz˚
q̄Dzq̄ e´z˚

q̄ ¨zq̄ |zq̄yxz˚
q̄ | “ 1

Partial Trace:
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Reduced vacuum density matrix (quarks)
—Trace ρ̂ “ |ΩyxΩ| over antiquarks

Reduced density operator (quarks):

ρ̂q “ Trq̄ |ΩyxΩ| “ Nq

ż

Dz˚
q̄Dzq̄ e

´z˚
q̄ ¨zq̄ x´z˚

q̄ |ΩyxΩ|zq̄y

Dz˚
q̄Dzq̄ “

ź

p,s

dz˚
q̄ pp, sqdzq̄pp, sq, z˚

q̄ ¨ zq̄ “
ÿ

p,s

z˚
q̄ pp, sqzq̄pp, sq

Matrix element of ρ̂q:

ρqpz
˚
q , z

1
qq ” xz˚

q |ρ̂q|z
1
qy “ Nq exp

«

ÿ

p,s

tan2 θppqz˚
q pp, sqz1

qpp, sq

ff

N´1
q “ exp

«

2NcNf
ÿ

p

log
`

1 ` tan2 θppq
˘

ff

Completeness:
ż

Dz˚
qDzq e´z˚

q ¨zq |zqyxz˚
q | “ 1,

ż

Dz˚
q̄Dzq̄ e´z˚

q̄ ¨zq̄ |zq̄yxz˚
q̄ | “ 1
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Entropies

Rényi entropies:

Sn “
1

1 ´ n
ln Trq ρ̂

n
q

“
2NcNf

1 ´ n
V

ż

d3p

p2πq3

“

lnp1 ` tan2n θppqq ´ n logp1 ` tan2 θppqq
‰

Entanglement entropy:

SE “ lim
nÑ1

Sn

“ ´2NcNf V

ż

d3p

p2πq3

„

lnp1 ` tan2 θppqq ´
tan2 θppq lnptan2 θppqq

1 ` tan2 θppq

ȷ

20



First look - NJL model
NJL Hamiltonian:

Ĥ “

ż

d3x
!

ψ̂:pxqp´iα ¨ BBBqψ̂pxq `G
“

pψ̄pxqψpxqq2 ` p ¯ψpxqiγ5τ
aψpxqq2

‰

)

Chiral angle: tan 2θppq “ M
p

Minimize the vacuum energy: gap equation

p tan 2θppq “ 4GNcNf

ż

d3p

p2πq3
sin 2θppq “

2GNcNf
π2

ż Λ

0

dpp2
M

a

p2 `M2
“ M

Condensate:

xψ̄ψy “ ´2NcNf

ż

d3p

p2πq3
sin 2θppq “ ´2NcNf

ż

d3p

p2πq3

M
a

p2 `M2
.
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First look - NJL model

mΛ “
M

Λ
GΛ “ GΛ2
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First look - NJL model
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Model - QCD Coulomb gauge Hamiltonian

Ĥ “

ż

d3x ψ̂:pxqp´iα ¨ BBB `m0qψ̂pxq ´
1

2

ż

d3xd3y ρampxqVcp|x ´ y|q ρampyq

`
1

2

ż

d3xd3y Jai pxqDijpx ´ yq Jaj pyq

Jai pxq “ ψ̂:pxqtaγiψ̂pxq, Dijpx ´ yq “

ˆ

δij ´
BiBj

B2

˙

Dp|x ´ y|q

A choice of potentials: fit to lattice data of hyperfine splitting of light hadron masses
(LLanes-Estrada et al. Phys. Rev. C, vol. 70, p. 035202, 2004)

Vc “ Vl ` Vs “
8πσ

p4
`

4παppq

p2
, αppq “

4πZ
”

β logpc` p2{Λ2
QCDq

ı3{2

Dppq “
´4παT

pp2 `m2
g{4q ln1.42pτ ` p2{m2

gq

Z “ 5.94, c “ 40.68, β “ 10.08, mg “ 550MeV, αT “ 0.5, τ “ 1.05

24



Gap equation

One needs to find θppq or, equivalently, Mppq:

Minimize the vacuum energy xΩ|Ĥ|Ωy

Mppq “ m0 `
2

3

ż

d3k

p2πq3

”

F1pp,kqVcp|p ´ k|q ` 2G1pp,kqDp|p ´ k|q

ı

F1pp,kq “
Mpkq

Epkq
´
Mppq

Epkq

k

p
p̂ ¨ k̂

G1pp,kq “
Mpkq

Epkq
`
Mppq

Epkq

k

p

pp ¨ k ´ p2qpp ¨ k ´ k2q

pk|p ´ k|2
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Mass function

Generic features:

1. SSB dressing in Mpp2q large in the infrared (low momenta)

2. Relative SSB dressing, Mpp2q ´m0, increases with m0

3. BUT pMpp „ 0q ´m0q{m0 gets smaller for heavier quarks.
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Entanglement entropy: first lesson
1) In the chiral limit, the EE density is finite, because˚:

Mppq „
1

p2 pln p2{Λ2
QCDq´γ

, γ “ 0.84

2) Away from the chiral limit, the EE runs, because:

Mpp2q „
m̂

pln p2{Λ2
QCDqγ

˚ Burgio et al. PRD 86, 014506, lattice QCD in Coulomb gauge

Are these model independent features of QCD?
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Entanglement entropy: m0 dependence

sfRpm0q “
sfEp0q

sf0 pm0q
Ð

#

sfEp0q chiral limit

sf0 pm0q explicit chiral breaking

Sf0 pm0q computed up to pmax “ 2.5 ˆ 105 MeV
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Entanglement entropy: second lesson

1) EE grows with explicit symmetry breaking (m0 ‰ 0), because

Mpp2q increases due to m0, not due to the interaction

2) Artifact due to definition of |Ωy: |0y includes m0

For a better assessment of SSB on EE, ratio of EE with and without interaction
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Entanglement entropy: dressing effect

Integral for EE up to p “ Λ and make ratio:

sfRpm0,Λq “
sfEpm0,Λq

sf0 pm0,Λq
Ð

#

sfEpm0,Λq : with interaction

sf0 pm0,Λq : no interaction
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Entanglement entropy: third lesson

— EE reveals a clear signal of the QCD chiral SSB

— EE integrand reveals quark-antiquark entangling momentum-scale

— Entanglement strength is strongly suppressed by explicit χSB
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Conclusions and Perspectives

1. A first calculation of the quark-antiquark entanglement entropy (EE) in
the quark condensate

2. In the chiral limit this EE is finite

3. Away from the chiral limit, this EE runs, with a running dictated by the
explicit symmetry breaking running of the quark mass function

4. Used a model to obtain explicit results

5. Next: explicit gluon d.o.f. (work with D. Rosa Jr.)

6. Role of topological configurations on creating entanglement

7. Comparisons with lattice QCD simulations, when available
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Thank you
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