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Introduction: .-meson

7, meson
Composition: cc
PC —

J 0"

Mass: 2983.9 + 0.4 MeV
Width: 32.0 £ 0.7 MeV

1/15



Introduction: .-meson

7, meson
Composition: cc
PC -

J (.

Mass: 2983.9 + 0.4 MeV
Width: 32.0 £ 0.7 MeV

n.-hadron structure
e How does it emerge from the bounding of a pair c¢?

e Comparison with lighter 0~ mesons: Assess quark-mass effect on hadron structure.
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Introduction: t-dependent Parton Distribution Functions (tPDFs)

Hadron structure

How do quarks and gluons combine to make hadrons up?

7 (a) ()
Generalized Bjorken limit

Q% = oo with Q% >> ¢

and ¢ fixed.
\/ [Phys rl:éc?rr;(ziat;g)rcl)moos]
h(p) t=0'-p)° K e
H (57 ta Q E / <7

¥ (q) v(d)

@
a

h(p) t= (P 71)) h (p/)

br) | Hp/n z,&,t, u
or (1) )ty (.6 .02

Generalized Parton distributions: Off-forward parton distribution functions
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Introduction: t-dependent Parton Distribution Functions (tPDFs)

Off-forward parton distribution functions: Non-local, light-like separated, quark or
gluon operators, evaluated between hadron states in non-forward kinematics and projected

onto the light—front. [Fortsch.Phys.:42(1994)101, Phys.Lett.B:380(1996)417, Phys.Rev.D:55(1997)7114]

Example: Twist-two chiral-even quark GPD of a spinless hadron.

Hon(o,6t18) = 5 [ Be™™ 8 (b () |3, (~2/D7 W [=2/2, /2%, /D h 0D,

2 =
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t-dependent Parton Distribution Functions

an(z,t, 1) = Hypp(2,6 = 0,t,4%) [p-z=p -2=p']
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Introduction: t-dependent Parton Distribution Functions (tPDFs)

Off-forward parton distribution functions: Non-local, light-like separated, quark or
gluon operators, evaluated between hadron states in non-forward kinematics and projected

onto the light—front. [Fortsch.Phys.:42(1994)101, Phys.Lett.B:380(1996)417, Phys.Rev.D:55(1997)7114]

Example: Twist-two chiral-even quark GPD of a spinless hadron.

Hon(o,6t18) = 5 [ Be™™ 8 (b () |3, (~2/D7 W [=2/2, /2%, /D h 0D,

2 =

t-dependent Parton Distribution Functions

an(z,t, 1) = Hypp(2,6 = 0,t,4%) [p-z=p -2=p']

Properties:

e Universality i.e. hadron-specific objects.
e Contain parton distribution functions and electromagnetic form factors.
e Non-perturbative description of hadron structure: (3D) Tomography. 3/15



Project: To compute tPDFs of the 7,-meson
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Lattice QCD (1)

(Continuum) Quantum field theory
Extremely hard to assess beyond

(Q109) o / D[4, 5,4] (@) O [4,,B,9] (z) 1A P41 b Haory
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Lattice QCD (1)

(Continuum) Quantum field theory

Q1010 o [P [4,5,4] @) 0 [4,,7,4] @) P01

Extremely hard to assess beyond

perturbation theory

(Lattice) Quantum field theory
e Analytic continuation: t — —itp = e 5 e 5F
e Spacetime discretization:

e a (lattice spacing): UV cut-off.
e L? x T (finite box): Finite number of degrees of
freedom.

Amenable for numerical evaluation of the path integral:
Non-perturbative calculations!
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Lattice QCD (ll)

In Lattice field theory, the expectation value of an observable, (O), is obtained as:

() o / D [U,.] O [§,0] =% = LS5 1) (0)r 0],

with
e p(U;): Boltzmann probability distribution - Obtained, numerically, through Monte
Carlo sampling of the Euclidean path integral.

e (O)p: Fermionic expectation value - Evaluated, exactly, through Wick theorem.

[Comm.Math.Phys.:42(1975)281, Comm.Math.Phys.:54(1977)283]

Computed expectation values are connected to (Euclidean) correlation functions ]
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How do we compute tPDFs (light-cone correlator) on an Euclidean setup? ]
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Pseudo-distributions in a nutshell (1)

Definition: Ioffe-time tPDF (v = —p - 2)

[Nucl.Phys.B:311(1989)541, Phys.Rev.D:51(1995)6036, Phys.Rev.D:100(2019)116011]

an(nt.?) = [ doeay@,t,%) = o ) By (=227 W=/ 22, ) h 0D,

z, =0,
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Pseudo-distributions in a nutshell (1)

Definition: Ioffe-time tPDF (v = —p - 2)

[Nucl.Phys.B:311(1989)541, Phys.Rev.D:51(1995)6036, Phys.Rev.D:100(2019)116011]

a0, = [ dae (o, 4%) = S (1 0) By (21207 W [2/2 /200 (/2 D D)

z, =0,

: . . . 3,1 4
1. Consider a generic matrix element with z/ € R”" (or even 2" € R")
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY (p,p'2) = (b (V) [Py (—2/2) V"W [~2/2; 2/2) ¥, (2/2) |h (D))

= (p+p/)ﬂf(1j,t7z2)—(p/—p)ug(y7t’22)+Z“Z(1j’t,22)7 v=—-p-z
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Definition: Ioffe-time tPDF (v = —p - 2)
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a0, = [ dae (o, 4%) = S (1 0) By (21207 W [2/2 /200 (/2 D D)

z, =0,

: . . . 3,1 4
1. Consider a generic matrix element with z/ € R”" (or even 2" € R")
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY (p,p'2) = (b (V) [Py (—2/2) V"W [~2/2; 2/2) ¥, (2/2) |h (D))

= (p+p/)ﬂf(1j,t7z2)—(p/—p)ug(y7t’22)+Z“Z(1j’t,22)7 vV=-—-p-z
2. Light-front projection, i.e. 2" o (1,0,0,—1) and p = +

M; (pvpl,z) e (h (p/) Wq (—2z/2) 7+W[—z/2;z/2] VY, (2/2) |h(p)) = 2T F(v,t, 2> = 0)
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Pseudo-distributions in a nutshell (1)

Definition: Ioffe-time tPDF (v = —p - 2)

[Nucl.Phys.B:311(1989)541, Phys.Rev.D:51(1995)6036, Phys.Rev.D:100(2019)116011]

1

vt = [ gy (2,t,%) = & () By (~2/2)7 W =2/2:2/2 0, (/D b @),

z, =0,

: . . . 3,1 4
1. Consider a generic matrix element with z/ € R”" (or even 2" € R")
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY (p,p'2) = (b (V) [Py (—2/2) V"W [~2/2; 2/2) ¥, (2/2) |h (D))

= (p+p/)ﬂf(1j,t7z2)—(p/—p)ug(y7t’22)+Z“Z(1j’t,22)7 vV=-—-p-z
2. Light-front projection, i.e. 2" o (1,0,0,—1) and p = +

M (p.0,2)| v,y = (b (0) [y (—2/2) YW [=2/2; 2/2) ¥, (2/2) B (p)) = 2" F(1,,2° = 0)

3. Connection with Ioffe-time distributions

an (v, t, 1?) = Fu,t, 2> = 0) 6/15



Pseudo-distributions in a nutshell (1)

Pseudo-tPDF: q~h(zx,t,z2) = ]-'(u,t,zQ)‘R, 12im th(z/,t,ZQ) — qh(y,t,/f)
2" —0
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Pseudo-distributions in a nutshell (1)

Pseudo-tPDF: q~h(zx,t,z2) = ]-'(u,t,zQ)‘R, 12im th(z/,t,ZQ) — qh(y,t,/f)
2" —0

Euclidean setup:

L4 pN = (EapJ_7p3) and p/‘u = (E7 7pJ_ap3)
o /' =1(0,0,0,23)
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Pseudo-distributions in a nutshell (1)

Pseudo-tPDF: q~h(zx,t,z2) = ]-'(v,t,z2)‘R, 12im th(z/,t,ZQ) — qh(y,t,/f)
2" —0

Euclidean setup:

L4 pN = (EapJ_7p3) and p/‘u = (E7 7pj_ap3)
o /' =1(0,0,0,23)

1. Compute
M° (p,p,2) = (b (P) [$, (=2/2) V"W [=2/2; 2/2) ¥ (2/2) |h (p)) = 2EF (v,1, 2°)
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Pseudo-distributions in a nutshell (1)

Pseudo-tPDF: q~h(zx,t,z2) = ]-'(v,t,z2)‘R, 12im th(z/,t,ZQ) — qh(y,t,/f)
2" —0

Euclidean setup:
o p = (E,pL.ps) and p* = (B, —p,ps)
o /' =1(0,0,0,23)
1. Compute
M (p,p',2) = (h (9) [B, (—2/2) VW [~2/2; 2/2 §, (2/2) |k (p)) = 2EF (v, 1, %)

2. Renormalize through a RGI ratio

[Phys.Lett.B:767(2017)314]

M°(p,p',2) M°(0,0,0)  F(uvt,z%) F(0,0,0) _
‘F(V7t7 22)‘ = 0( ) 0 ( / ) = ( 2) J:'( 0) = qh(y7t722) + ht
R M (07 07 Z) M (p7p 70) ‘F(O7 07z )
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Lattice QCD calculation




Numerical setup

° Nf =2 ensembles (CLS) [Nucl.Phys.B:865(2012)397,PoSLATTICE2013:(2014)475]

e Wilson gauge action. o K, = Kq = K.
e O (a)-improved Wilson fermions. e No Symanzik improvement for M*.
id B a [fm] L/a amy m, [MeV] m, L Ke Ky

A5 5.2 0.0755(9)(7) 32 0.1265(8 331 4.0 0.12531 0.13594

(8)

E5 53 0.0658(7)(7) 32 0.1458(3) 437 47 012724  0.13625

F7 48 0.0885(3) 265 43 012713 0.13638
(2)

N6 5.5 0.0486(4)(5) 48  0.0838(2 340 4.0  0.13026 0.13667

e Omne hadron-interpolator and four smearings (source and sink).
ne (@) = 9 (@) ys¢e () , J7O=0""
Pi (2) = (14 0.125A4p8) " ¥, () , N, € {0,30,50,80}

e Twisted boundary conditions and a symmetric frame.
8/15



Matrix elements from LQCD

Computation of hadron three-point functions

5 (B tare) Ze DI (3@, byre) Do (2 — AZ, 7)Y WIE-AZ, 7 2,719, (2, 7) T2(0,0))

(EiszT) ° (577—)
(f’ tSTC) (67 O)

e Consider connected diagrams only: Sequential propagator technique.
e Project ground state (7, (1s)) according to GEVP.

e Compute ratios to isolate matrix elements: [posLaTTICE2005:(2006)360]

(P) (= (P) A o® 0/
R(r) = Cs (B, 7 s tsres T) Gy (P tsre —7) Cy (77)_> M° (p,p', 2)

\/Oép) (p atsrc) Cép) (p7 tsrc) Cép) (p atsrc - T) Cép (p7 T) 4,/ E (ﬁ) E (ﬁ/>

9/15



Pseudo-tPDF data

t=0GeV?
1.0} Ensembles
| N6 A5
. 05F e! K B 1
M ‘"
<
By
zgg” 0.0f %
v
—05} v !
0 2 4 6

v

[S2EN B JliNe]

ot

47 la]

S = N W

3G, (v, 1, 2°)

1.0

0.8

0.6

0.4

0.2

0.0

—-0.2

t=0GeV?

Ensembles

$ | N6 O A5
F7 ¢ E5

'}

ot O N 00 ©

4% [a]

S =N W

e Pseudo-distribution data approaching a universal line for all ensembles.

e Signal-to-noise ratio significantly good over the entire kinematic range.

10/15



Light-cone matching




Light-cone matching: lim G t, 28 = @ (v, t, 1?)

2" —0
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From pseudo- to light-cone distributions (1)

. . 2
1. Light-cone operator product expansion: z° — 0
[Nucl.Phys.B:27(1971)541]

G2 ~ 33OV ) ()OI )z, T 2, + it
k=1

i n=0

o0 PR . PR
Z Z CS)"MS(ZQ, /42)(—2)"5S)’Ms(t, 22, uz)yn + h.t.

i n=0

With Eg)’m(t,z27u )=(1+z2 250 (v,t,2°,m"))a (’)(t 1), £ include targe-mass correct.
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From pseudo- to light-cone distributions (1)

. : 2
1. Light-cone operator product expansion: z° — 0
[Nucl.Phys.B:27(1971)541]

_ n

G2 ~ 33OV ) ()OI )z, T 2, + it

i n=0 k=1

o — N ——
5 ST, ) 2T 2
i n=0
With Eg)’m(t,z27u )= 1+ 220w, t, 22, m*)a? (¢, 4?), f1? include targe-mass correct.

2. Recast as convolution: Light-cone matching to MS distribution
[Phys.Rev.D:98(2018)014019, Phys.Rev.D:98(2018)050004, Phys.Rev.D:97(2018)074508]

1
~ 2 2 2 2
Qh(y7taz ) = /() dw C(’lU,Z w 7QS)Qh(wyat7u )
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From pseudo- to light-cone distributions (1)

. : 2
1. Light-cone operator product expansion: z° — 0
[Nucl.Phys.B:27(1971)541]

_ n

G2 ~ 33OV ) ()OI )z, T 2, + it

i n=0 k=1

oo — N ——
DD GO (" a0, 2% ) +

i n=0

With Eg)’m(t,z27u )= 1+ 220w, t, 22, m*)a? (¢, 4?), f1? include targe-mass correct.

2. Recast as convolution: Light-cone matching to MS distribution
[Phys.Rev.D:98(2018)014019, Phys.Rev.D:98(2018)050004, Phys.Rev.D:97(2018)074508]

1
~ 2 2 2 2
Qh(y7taz ) = /() dw C(’lU,Z w 7QS)Qh(wyat7u )

Challenges of the light-cone matching

e Integral relation e Acts on light-cone distributions
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From pseudo- to light-cone distributions (II)

Solution: Ioffe-time distributions, onto and outside the light-front, are analytic functions
in the Ioffe-time variable:

oo o0
Vt,u Zam , Vtz Z Gy (
m=0 m=0
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From pseudo- to light-cone distributions (II)

Solution: Ioffe-time distributions, onto and outside the light-front, are analytic functions
in the Ioffe-time variable:

oo o0
(v, t, 1) Z a,(t , wt, 2 = Z A (t, 220,
m=0 m=0

e Matching becomes a standard product

1
m(t Z ) = Cm(ZQNJQv as)am(ta /1’2)7 Cm,(z2ﬂ2) = / dU)’UJmC(w, 22/1'2a as)'
JO
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From pseudo- to light-cone distributions (II)

Solution: Ioffe-time distributions, onto and outside the light-front, are analytic functions
in the Ioffe-time variable:

oo o0
Vt,u Zam ] Vtz Z [
m=0 m=0

e Matching becomes a standard product

1
Gt 2%) = Calh aom(t®), CnlPid) = [ dww"Clw, 2 o).
JO

e Expansion coefficients identified in LC-OPE: Inclusion of target-mass corrections
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From pseudo- to light-cone distributions (II)

in the Ioffe-time variable:

oo o0
Vt,u Zam ] Vtz Z [
m=0 m=0

Solution: Ioffe-time distributions, onto and outside the light-front, are analytic functions

e Matching becomes a standard product

1
Gt 2%) = Calh aom(t®), CnlPid) = [ dww"Clw, 2 o).
JO

e Expansion coefficients identified in LC-OPE: Inclusion of target-mass corrections

e Connection with Mellin moments

m{) (¢, %) = " mlal) (¢, 1)
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From pseudo- to light-cone distributions (llI)

Strategy:

1. Fit pseudo-distribution data to
N

G, t,2%) = Y (At 2) + 2B, 2°) V7"

m=0
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From pseudo- to light-cone distributions (llI)

Strategy:
1. Fit pseudo-distribution data to

N
~t2: Ath 2§t2 mCutoHZ :/Tt2 Ntz
Gwt,2%) = 3 (At 2%) + 2 B(t,7) (t2) = An(t,2)|  +adn(t2?)

t.
m—0 on

and extract as many coefficients as possible.
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From pseudo- to light-cone distributions (llI)

Strategy:
1. Fit pseudo-distribution data to

N
G, 2) = Y (An(t,2) + 2Bt ) v 20 A (1,27) = A (t,7)

m=0

+ad,,(t,2%)
t.

Con

and extract as many coefficients as possible.

2. Match coefficients to the light-cone

—>am(t722); am(taMQ) =

Km(t, z2)
COHt‘ CT”/(Z ILL 7as)
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From pseudo- to light-cone distributions (llI)

Strategy:
1. Fit pseudo-distribution data to

N
ah(% t, 22) = Z (Avm(t> 22) + 22-§m(t> ZQ) w0 SR Z ( ) = Av7n, (ta 22) +a’~’zm(t7 22)
0 Cont.

and extract as many coefficients as possible.

2. Match coefficients to the light-cone

P 2 2 Zim(taz2)
— am(t72 ); am(t,u ) =

A, (t, 2* T )
( ) Cont. CTTL(Z2:LI’27aS)

3. Reconstruct light-cone Ioffe-time MS distribution accordingly
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loffe-time tPDFs: Non-singlet distribution
t=0 GeV?

z [d]
b Ensembles 9
N6 O A5 8 x*/dof = 95.29/114
F7 © E5 7
0.5} ] 5
> ‘ 5 as(t,2°)  —0.2552(87)
&S B
g 0.0} Ql{ 1 B4 ag(t,2?)  —0.0124(25)
; 3 ag(t,2*)  —0.00022(20)
| ’ ag(t,z%)  —0.0000009(42)
- =20 5
() O

0 2 4 6 z = 0.045 fm
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loffe-time tPDFs (II)

1.0

Pseudo : z = 0.045 fm

Ioffe-time : 1 = 3.0 GeV

0 1



Conclusions and future steps

Summary
e Ongoing study of n.-meson’s structure through GPDs within lattice QCD.

e Study light-cone matching in Ioffe-time space:

Model bias reduction to truncation error.
Systematic extraction of “arbitrary” order Mellin moments.
Transparent treatment of target mass corrections.

Possible improvement in matching.

Future steps
e Extend analysis to the non-singlet sector.
e Extend kinematics and statistics: ¢-values and new ensembles.
e Refine analysis of lattice artifacts: e.g. finite volume or quark masses.

e Reconstruction of x-space distributions (7).




Thank you!
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Two-point functions (I)

Computation of hadron propagators

C5™) (B, tare) Ze-“”n:' tore )T (8,0)) o AV () ™ E(Pere

e Consider connected diagrams only.
e Project ground-state (7, (1s)) solving GEVP.
e Fit energies: Choose best fit range according to AIC.



Two-point functions: Effective masses

4.0

3.8

E(p) [GeV]

Ensemble E5 P [GeV] 40 Ensemble F7 [Pl [GeV]
2.0 2.0
L ] 38} ]
i 1 1.5 36} 1 1.5
=
3
3 1 1.0 —34r 1 1.0
s
v 5 v
V. i L ]
0.5 k2 0.5
° B VIR AR IR AR RRARFRRTTR
L0, oo g
- | B0 oo R | |
0.0 ' < 0.0
1 1 1 - 2.8 1 1
0 10 20 30 0 20 40
tSre.-Sink 4] tsre.-Sink ]

Energy spectrum compatible with expectation within finite-volume and cut-off effects.
Systematics: - Fit range: Model averaging (AIC) [phys.rev.D:103(2021)114502]
- Excited states: GEVP [Nucl.Phys.B:259(1985)58, JHEP:04(2009)094]




Two-point functions: Dispersion relations

Ensemble: D5

x*/dof = 9.005/15 = 0.600
3.4
a = (1.049 £ 0.00) - 10~
33 b= (9.733+0.005) - 10"
%
&, 3.2
=
7 31
3.0
2.9

0.00 0.25 050 0.75 1.00 1.25 1.50 1.75
p° [GeV?]

[ Consistency check: Expected energy-momentum dispersion relations fulfilled.




Three-point functions: Ratio fits

0.50

N o N
IS 'S 'S
= 3 ©

R (Pins Pouts tsrer T)

I
S
(=]

0.45

Momentum : p;.Wilson line : 2,
xz/dof =13.422/14 = 0.001
a = 0.475 4+ 0.006
5 10 15 20

7 [a]

0.008
0.006

©0.004

L 0.002
2

S

= 0.000

€

& —0.002
—0.004
—0.006

Momentum : p,.Wilson line : zg

"t

i

;

7 [a]

x*/dof = 16.455/16 = 0.847
a=(22+06)-107°
0 5 10 15 20




Three-point functions

Momentum : p;.Wilson line : z, %1076 Momentum : p,.Wilson line : zg

L
o

0.000146 x*/dof = 22.224/18 = 0.001
a=(141£001)-107*

4.0
0.000144
® ©an b +
.3 0.000142 R
M £ 3.6
2 0.000140 ia4
5 =
I~ I~
0.000138 3.2
X*/dof = 14.441/16 = 0.714
3.0
0.000136 a=(3.6+0.07)-10"°
0 5 10 15 20 25 30 0 5 10 15 20 25 30

7 a] 7 [al
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