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The model – two-dimensional
Quantum Chromodynamics

(QCD2)
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Euclidean microscopic action

𝑆[𝐴, ̄𝜓, 𝜓] = ∫ d2𝑥[ ̄𝜓 (𝛾𝜇 𝐷𝜇 + 𝑚) 𝜓 + 1
2𝑔2 tr(𝐹𝜇𝜈 𝐹 𝜇𝜈)]

• covariant derivative 𝐷𝜇 = 𝜕𝜇 − i𝐴𝜇

• gauge coupling 𝑔 of positive energy dimension

• gauge fixing with background field method, Faddeev-Popov method with
(anti-)ghost fields
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The method — the Functional
Renormalization Group (FRG)
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Idea of the FRG
• given: microscopic action 𝑆
• wanted: quantum effective action 𝛤 that includes all quantum fluctuations

• strategy: continuous interpolation between 𝑆 and 𝛤 via the effective
average action 𝛤𝑘

10 Holger Gies

Γk=Λ = Sbare

Γk=0 ≡ Γ

Fig. 3. Sketch of the RG flow in theory space. Each axis labels a different operator
which spans the effective action, e.g., φ2, (∂φ)2, etc. Once the initial conditions in
terms of the bare action Γk=Λ = Sbare are given, the solution to the flow equation
(28) is a trajectory (solid line) in this space of action functionals, ending at the full
quantum effective action Γ ≡ Γk=0. A change of the regulator Rk can modify the
trajectory (dashed lines), but the end point Γ stays always the same.

In practice, the versatility of the flow equation is its most important
strength: beyond perturbation theory, various systematic approximation schemes
exist which can be summarized under the method of truncations.

A first example for such an approximation scheme has already been given
above in Eq. (9), the vertex expansion, which now reads

Γk[φ] =
∞�

n=0

1

n!

�
dDx1 . . . dDxn Γ

(n)
k (x1, . . . , xn)φ(x1) . . . φ(xn). (29)

Upon inserting this expansion into the flow equation (28), we obtain flow

equations for the vertex functions Γ
(n)
k which interpolate between the bare

and the fully dressed vertices. These equations are similar but not identical
to Dyson-Schwinger equations, as will be discussed in more detail below.

As a second example, let us introduce the operator expansion which con-
structs the effective action from operators of increasing mass dimension. Fo-
cusing in particular on derivative operators, we arrive at the gradient expan-
sion. For instance, for a theory with one real scalar field, we obtain

Γk =

�
dDx

�
Vk(φ) +

1

2
Zk(φ) (∂µφ)2 + O(∂4)

�
, (30)

where, for instance, Vk(φ) corresponds to the effective potential.
Further examples of this type can easily be constructed by combining these

two expansions in various ways. Formally, expansions of the effective action
should be systematic; this implies that a classification scheme exists which
classifies all possible building blocks of the effective action and relates them

[Gies 2012]
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The Wetterich equation

central tool is an exact Renormalization Group equation [Wetterich 1993]; [Morris 1994]; [Ellwanger 1994]

𝜕𝑘𝛤𝑘 = Tr[( 1
2 𝜕𝑘𝑅𝑘) (𝛤 (2)

𝑘 + 𝑅𝑘)−1] =

• key ingredient is the regulator function 𝑅𝑘

• initial condition given by 𝛤𝑘→∞ = 𝑆
• obtain approximate solutions with an ansatz for 𝛤𝑘 by means of truncations
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Choice of the regulators

utilize mass-like Callan-Symanzik-type regulators for all fields:

Δ𝑆𝑘 = ∫ d2𝑥[ ̄𝜓 𝑘 𝜓 + 1
𝑔2 tr(𝑎𝜇 𝑘2 𝑎𝜇) + 2 tr( ̄𝑐 𝑘2𝑐)]

• properties: infrared regulation, scan of theories with different masses

• linear split 𝐴 = ̄𝐴 + 𝑎 into background field ̄𝐴 and fluctuation field 𝑎
• invariance under background field gauge transformations

• regulator function independent of ̄𝐴, preserves many symmetries
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Aminimal ansatz
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Minimal truncation

ansatz in resemblance to gauge-fixed microscopic action:

𝛤𝑘[ ̄𝐴, 𝑎, 𝜓, ̄𝜓, 𝑐, ̄𝑐] = ∫ d2𝑥[ ̄𝜓 (𝛾𝜇 𝐷𝜇 + 𝑚) 𝜓 + 1
2𝑔2 tr(𝐹𝜇𝜈 𝐹 𝜇𝜈) +

+ 1
𝜉𝑔2 tr((𝐷𝜇[𝐴] 𝑎𝜇) (𝐷𝜈[𝐴] 𝑎𝜈)) − 2 tr( ̄𝑐 𝐷𝜇[𝐴] 𝐷𝜇[𝐴] 𝑐)]

• recall: 𝐴 = ̄𝐴 + 𝑎
• scale-dependent quantities: 𝑔, 𝑚, 𝑍𝜓 (absorbed into 𝜓 and ̄𝜓)

• calculations in Feynman-’t Hooft gauge: 𝜉 = 1
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Results

on all scales: 𝑍𝜓 = 1
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Landau pole in flow of the gauge coupling at RG scale 𝑘 ≃ 𝑔𝛬.
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Adding (local) four-fermion
interactions
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Diagramatic expressions

𝜕𝑡
ψI

ψII ψ̄III

ψ̄IV

ψI

ψII ψ̄III

ψ̄IV
ψI

ψII
ψ̄III

ψ̄IV ψI

ψII ψ̄III

ψ̄IV

16 + 18 + 3 = 37 diagrams
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Extended truncation

• one flavour, 𝑁f = 1, from now on

• add to the previous ansatz the term

− ∫ d2𝑥[𝜆1
1

2 𝑁c
( ̄𝜓 𝜓)2 + 𝜆2

1
2 𝑁c

( ̄𝜓 𝛾ch 𝜓)2 + 𝜆3
1

2 𝑁c
( ̄𝜓 𝛾𝜇 𝜓)2 +

+ 𝜆4 ( ̄𝜓 𝑇𝑧 𝜓)2 + ⋯ + 𝜆7 (𝜓T 𝒞 ̂𝑇 (s)
𝑧 𝜓) ( ̄𝜓 𝒞 ̂𝑇 (s)

𝑧 ̄𝜓T) + … ]

• dimensionless couplings 𝜆𝑖, 𝑖 = 1, … , 9, initialized at zero at 𝑘 → ∞
• interaction channels are all compatible with the symmetries of the model
but form a Fierz overcomplete basis

Wetterich equation can be used to determine a Fierz complete ansatz.
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Numerical results
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box + triangle diagrams

box diagrams

(contribution of four-fermion coupling to fermion mass ignored)
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Purely fermionic dynamics

set 𝑔 = 0 assuming that fermion dynamics dominate the flow
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• for QCD2-like initial conditions: diverging four-fermion couplings
↪ mesonic bound state resonance

• in principle also possible to reach a fixed point
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Outlook & Summary
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Outlook

• include non-local four-fermion interactions in the truncation

ψI

ψII ψ̄III

ψ̄IV

λ(pI, pII, pIII) ↦
ψI

ψII ψ̄III

ψ̄IV

+
ψI

ψII ψ̄III

ψ̄IV

+
ψI

ψII ψ̄III

ψ̄IV

+ …

• improve truncation in gauge sector

• reproduce ’t Hooft solution

• finite temperature and quark chemical potential
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Summary
• derived flow equations for 𝑔, 𝑚 and 𝑍𝜓 within a minimal truncation which
exhibits a Landau pole at 𝑘 ≃ 𝑔(𝑘 → ∞)

• added local four-fermion interactions to the truncation where the Wetterich
equation tells about Fierz completeness

• divergence of four-fermion couplings signals resonance in the formation of
mesonic bound states

[BNL 2021]
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Flow equations minimal truncation I

Extract flow of 𝑚, 𝑍𝜓 from

𝜕𝑡∂t
ψII ψ̄I = ψII ψ̄I + ψII ψ̄I

Extract flow of 𝑔 from

𝜕𝑡∂t
AII AI

= +
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Flow equations minimal truncation II

The flow equation for the gauge coupling reads

−𝑘 𝜕𝑘(𝑔2) = 2 𝑔4

𝑘2

𝑁c − 𝑁f
(1−𝜂𝜓)

12
𝑘3

(𝑚+𝑘)3

π (1 − 11
12π 𝑁c

𝑔2

𝑘2 )
.
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Results multiple flavours
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• fermions have a screening effect

• fluctuations of the massive fermions are suppressed at low scales in
contrast to fluctuations of the massless gauge field
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Obtaining flow equations

1. take functional derivatives on both sides of the Wetterich equation

2. close open indices with projectors

3. solve the resulting matrix-vector equation for the couplings

𝑀 (𝜕𝑘𝜆1 + 2 𝜂𝜓 𝜆1, … , 𝜕𝑘𝜆9 + 2 𝜂𝜓 𝜆9)T = 𝑏 ,

non-invertibility of 𝑀 signals Fierz overcompleteness
Fierz complete basis consists of 3 bilinears for the present symmetries
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