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Why we care about dynamic criticality?
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Around 2nd order phase transition, System gauranteed to fall out of
equilibrium with relaxation rate diverge.
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Dynamic critical phenomena
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▶ Critical slowing down: divergence of relaxation rates ω(k = 0) ∼ ξ−z

▶ Behaviour of dynamic quantities (transport coefficients, multi-time
correlation functions) characterised by dynamic critical exponent z.

▶ Classification of dynamic universality class depends on order
parameters and conserved quantities Hohenberg, Halperin ’77.

▶ Model G: Chiral transition of QCD

▶ Model H: Critical end point of QCD
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https://journals.aps.org/rmp/pdf/10.1103/RevModPhys.49.435


Dynamic criticality of chiral transition(Model G)
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▶ In short, model G(dynamic universality class of chiral transition) is
given by

Landau-Ginzberg free energy:

F =

∫
x⃗

{
1

2
(∂iϕa)(∂

iϕa) +
m2

2
ϕaϕa +

λ

4!N
(ϕaϕa)

2 +
1

2χ
nabnab

}

Langevin EoM:

∂ϕa
∂t

= −Γ0
δF

δϕa︸ ︷︷ ︸
dissipation

+ g{ϕa, nbc}
δF

δnbc︸ ︷︷ ︸
mode-coupling

+ θa︸︷︷︸
noise

∂nab
∂t

= γ∇⃗2 δF

δnab︸ ︷︷ ︸
diffusion

+ g{nab, ϕc}
δF

δϕc
+ g{nab, ncd}

δF

δncd︸ ︷︷ ︸
mode-coupling

+ ∇⃗ · ζ⃗ab︸ ︷︷ ︸
noise
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Dynamic criticality of critical end point(Model H)
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▶ In short, model H(the dynamic universality class of critical end point)
is given by

Landau-Ginzberg free energy:

F =

∫
x⃗

{
1

2
(∂iϕ)(∂iϕ) +

m2

2
ϕϕ+

λ

4!
(ϕϕ)2 +

1

2ρ
j⊥,aj⊥,a

}

Langevin EoM:

∂ϕ

∂t
= λ∇⃗2 δF

δϕ︸ ︷︷ ︸
diffusion

+ g{ϕ, j⊥,a}
δF

δj⊥,a︸ ︷︷ ︸
mode-coupling

+ θ︸︷︷︸
noise

∂j⊥,a

∂t
= Tab{η∇⃗2 δF

δj⊥,b︸ ︷︷ ︸
diffusion

+ g{j⊥,b, ϕ}
δF

δϕ
+ g{j⊥,b, j⊥,c}

δF

δj⊥,c︸ ︷︷ ︸
mode-coupling

+ ζ⃗b︸︷︷︸
noise

}
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Similarity between model G and H
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▶ Similarities between model G and H

DoF of order parameters: N → 1.

Dissipation coefficient −Γ0 → diffusion coefficient λ∇⃗2

conserved charges nab → j⊥,a

▶ Because of the structural similarities between model G and H, one
can apply the same method in solving them.

▶ The method: real-time functional renormalization group

▶ Apply the Martin-Siggia-Rose(MSR) transformation to obtain the
real-time action
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Coupling to external source
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▶ To ensure symmetries not being violated, one couple the external
source to the free energy: F −Haϕa −Habnab, which leads to

S + H̃aϕa + H̃abnab + Φ̃aHa + ÑabHab

Φ̃a ≡ Γ0ϕ̃a − gñbc{nbc, ϕa}
Ñab ≡ −γ∇⃗2ñab − gñcd{ncd, nab} − gϕ̃c{ϕc, nab}

▶ Consequence: the 1PI effective action Γ(ϕ, n, Φ̃, Ñ) is functional of
the composite fields.
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Regulator
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▶ Adding the regulator to the free energy

F + 1
2

∫
x⃗y⃗

(
ϕa(x⃗)R

ϕ
k(x⃗, y⃗)ϕa(y⃗) + nab(x⃗)R

n
k (x⃗, y⃗)nab(y⃗)

)
▶ Due to the Poisson brackets structure in the MSR action

∆kS = −Φ̃a(x⃗)R
ϕ
k(x⃗, y⃗)ϕa(y⃗)− Ñab(x⃗)R

n
k (x⃗, y⃗)nab(y⃗)

▶ The diagrammatic flow equation (can be obtained by a modified
Legendre transformation)

+ −→ (2)
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Important symmetries of the MSR action
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▶ The symmetry of thermal equilibrium for scalar bosons

Tβ

(
ψa(ω, p⃗)

Ψ̃a(ω, p⃗)

)
=

(
1 0

−βω 1

)(
εaψa(−ω, p⃗)
εaΨ̃a(−ω, p⃗)

)
▶ ε: parity of the field

▶ Exact result: Flow of statics (Fk) independent of dynamics
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Important symmetries of the MSR action
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▶ For model G: Displacement symmetry

Time derivative in the MSR action can be rewritten with covariant
derivative:

Dtϕa ≡ ∂tϕa − g(Tcd)abHcdϕb

Dtnab ≡ ∂tnab − g(Tcd)ab,efHcdnef

The MSR action is invariant under uniformly time dependent O(N)
rotation.

From the ward identity of displacement symmetry, one can show g is
scale independent: gk = g0.

▶ For model H: Time gauged Galilean boost

Also protect the mode coupling coefficient from being renormalized:
gk = g0.
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Static critical behaviour
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▶ Investigate the flow of Fk

Static flow for model G Static flow for model H
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Dynamic critical behaviour
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▶ Investigate the flow of dimensionless dynamic couplings f and w
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Model G and H comparison
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For model G
▶ At the stable(purely

attractive) fixed point:

0 < f∗ <∞

0 < w∗ <∞

▶ Finite f∗ and w∗ lead to:

Weak scaling relation
xΓ + xγ = 4− d

Strong scaling relation
xΓ = xγ

For model H
▶ At the stable(purely

attractive) fixed point:

0 < f∗ <∞

w∗ = 0

▶ Finite f∗ and zero w∗ lead
to:

Weak scaling relation
xλ + xη = 4− d

No strong scaling relation
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Dynamic critical exponents
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For model G
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Obtain exactly zϕ = zn = d/2.

For model H
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At d = 3, zϕ = 3.05138.
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Dynamic critical behavior
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▶ Dimensionless scaling function(for model G):
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Estimation of shear viscosity
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▶ The diffusion coefficient of the transverse momentum density can be
interpreted as the shear viscosity

▶ Consider non-critical dynamics of fluid in the limit m→ ∞

▶ We need:

Self advected EoM of j⊥ with scale dependent ηk

regulator on j⊥

▶ Result of the renoramlization of shear viscosity(with Rk(q
2) = k2

ρq2
):

ηR = η + 0.0119366ρTΛ
η , (Result was expanded to the order g2)

▶ Result from one loop calculation: ηR = η + 0.0118208ρTΛ
η Koctun,

D.Moore and Romatschke , ’11
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https://arxiv.org/pdf/1104.1586
https://arxiv.org/pdf/1104.1586


Take home information
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▶ Real-time functional renormalization group is a very good tool for
critical and non-critical dynamics.

▶ For systems with reversible mode couplings such as model G and H, it
is important that the flow preserve the symmetry of the MSR action.

▶ Dynamic scaling only requires the scaling of a sector of static
couplings.
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