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. EM fields Anomalous transport
Quantum anomalies + .. —
Vorticity phenomena

Examples:

m Chiral Magnetic Effect (CME)

m Chiral Separation Effect (CSE)

m Chiral Vortical Effect (CVE)

n .
Local CP violations: probe non-trivial QCD vacuum topology

Experimentally studied in condensed matter systems and heavy-ion
collisions

Study the effect of strong interactions in the conductivities using
Lattice QCD
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Introduction

EM fields Anomalous transport

» Quantum anomalies + . —
Vorticity phenomena

> Examples:

Chiral Magnetic Effect (CME)
Chiral Separation Effect (CSE)
Chiral Vortical Effect (CVE)

» Local CP violations: probe non-trivial QCD vacuum topology

» Experimentally studied in condensed matter systems and heavy-ion
collisions

> Study the effect of strong interactions in the conductivities using
Lattice QCD

» Disclaimer
m Simulations at finite magnetic field B possible and completely under
control (no sign problem)

m Background B (no dynamical photons)
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Chiral Magnetic Effect

» Magnetic field + Finite chiral density — Vector (Electric) current
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CME conductivity

» Chiral “chemical potential” s — parameterizes chiral imbalance

» CME current & Fukushima, Kharzeev, Warringa '08

J(:VME = Ccmve eBus + O(Ng)
» Now understood as out-of-equilibrium effect, for free fermions

1
Te(t) = 52 eBus(t)

> In global thermal equilibrium: CME vanishes

» Careful regularization needed!
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https://inspirehep.net/literature/793742

Regulator sensitivity: anomaly

» Well known example: triangle anomaly (with massive fermions)

e+ a,p,q) =

» Uncareful regularization:

(p+ Q) LG (p+ a,p,9) = mPP(p, q)
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Regulator sensitivity: anomaly

» Well known example: triangle anomaly (with massive fermions)

e+ a,p,q) =

» Uncareful regularization:
(p+ @)uly Py (p + ¢, p,0) = mPy"(p. q)
» Pauli-Villars regularization®:

3
(p+ Qul"y 0y (P + 4,9, @) =mP (p, @) + Y com Py (p, q)
s=1

PP qupp
472

'new particles ¢s (s = 0,1,2,3, s = 0 physical fermion mo = m) and my=o — 0o

—mP:"(p, q) +
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CME regulator sensitivity

» Ccme can also be written with the triangle diagram

o+ a,p,9) =

with J3 ~ A3, By~ qAa, pus= A5

» Vanishing external momentum:

1 1 c
Come =  lim —193 D Q) = — =0
CME P aptd—0 g1 ivvie+a.p,q) o2 + Zl D)

» Ccme is zero due to anomalous contribution!
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Absence of CME in equilibrium

» Bloch's theorem # N. Yamamoto '15
Conserved currents cannot flow in equilibrium ground state
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https://inspirehep.net/literature/1343139
https://inspirehep.net/literature/892021
https://inspirehep.net/literature/1268157
https://inspirehep.net/literature/1465754
https://inspirehep.net/literature/1864829
https://inspirehep.net/literature/2787022

Absence of CME in equilibrium

» Bloch's theorem # N. Yamamoto '15
Conserved currents cannot flow in equilibrium ground state

Some other approaches:

> Triangle diagram ¢ Hou, Liu, Ren '11
» Dirac eigenvalues + Lattice (free overlap) # Buividovich '14
> Weyl-Wigner formalism £ Zubkov '16 ¢ Banerjee, Lewkowicz, Zubkov '21

> Vacuum polarization in background B ¢ Brandt, Endrédi, EGV, Marké '24
+ Lattice (full QCD staggered)
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https://inspirehep.net/literature/1343139
https://inspirehep.net/literature/892021
https://inspirehep.net/literature/1268157
https://inspirehep.net/literature/1465754
https://inspirehep.net/literature/1864829
https://inspirehep.net/literature/2787022

Non-zero CME on the lattice?

> Lattice QCD is inherently in global thermal equilibrium
» Simulations at finite u5 and B possible!
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https://inspirehep.net/literature/946818
https://inspirehep.net/literature/897763

Non-zero CME on the lattice?

> Lattice QCD is inherently in global thermal equilibrium
» Simulations at finite u5 and B possible!
» Quenched and full QCD: Wilson fermions
ComE ~ 0.025 # 07 1/(27%) ~ 0.05

# A. Yamamoto '11 & A. Yamamoto '11
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» Non-conserved vector current!
Also used in hadron spectroscopy, transport ..

» Does it matter for CME?
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https://inspirehep.net/literature/946818
https://inspirehep.net/literature/897763

Vanishing CME on the lattice

P Using conserved vector current is crucial # Brandt, Endrédi, EGV, Marké '24
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» CME vanishes in equilibrium, also in QCD
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https://inspirehep.net/literature/2787022

Chiral density

» Chiral density is finite at ps # 0

T d?log 2
_ 3\ 3
n5(ps) = Va2 s + O(u5) = xsps + O(u5)
Uy -0
5=
osl x&ee(m/T = 0) = 1/3
m
X5 0.2 ¥
T2 o
I
0.1F T 24°x6
i hA 24;><8
o . i
0.0 ? T o0 w2 ]
F 32° x48
0 160 260 360 460
T [MeV]

» Non-trivial absence of CME!
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CME: beyond homogeneous static setups

In-equilibrium
# Deng, Huang '12

» Magnetic fields in
heavy-ion collisions are
far from being uniform

» How is CME affected by
an inhomogenous
magnetic field? _‘71&1075 0 510 ldénl“&l(]fs 0 510 1151571075 510 1

X (fm) x(fm) x(fm)

¥ (fm)
o

y (fm)

Out-of-equilibrium
» Linear response theory: perturbation dus(t) with homogeneous B

» How does the system respond? — C’gf\f}E
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https://inspirehep.net/literature/1085653

In-equilibrium + inhomogeneous B



Inhomogeneous magnetic field

> Magnetic field profile:

—e— ela=2
o ela=5
—e— gla=10
—— fa=w

B

(z) = 7N
cosh? <;>

P> Used to check impact in order parameters and calculate magnetic
susceptibility

B
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https://inspirehep.net/literature/2663708
https://inspirehep.net/literature/2785280

Free fermions

» Local linear response of current profile J(z;1) to homogeneous i3

4
G = W)
1 =
dus
p5=0
> Free staggered fermions
0.08
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Free fermions

» Local linear response of current profile J(z;1) to homogeneous i3

d<J3V($1)>

G(n) = s

#5=0

> Free staggered fermions

0.00 4 W

—-— T=1
1 B profile
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Free fermions

» Local linear response of current profile J(z;1) to homogeneous i3

d<J3V($1)>

G(n) = s

#5=0

> Free staggered fermions

G(x1)
2

0.00 —.._/\/.\—_—

—0.02

—— T=1/2

—0.044 B profile
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Free fermions

» Local linear response of current profile J(z;1) to homogeneous i3

4
G = W)
1 =
dus
#5=0
> Free staggered fermions
0.08
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Free fermions

» Local linear response of current profile J(z;) to homogeneous 5

d(Jy" (1))

G(il?l) = du5

5=0

» 1;-dependent current flowing in 23 — integrates to zero

X1
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QCD

» Non-trivial localized CME in QCD! (full QCD staggered)
# Brandt, Endrédi, EGV, Marké, Valois (in prep.)
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» Possible implications for CME search?
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https://indico.math.cnrs.fr/event/10773/contributions/11925/

QCD

» Local linear response of current profile J(z;) to inhomogeneous
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Free fermions
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Out-of-equilibrium (Homogeneous B)



Linear response theory

» Linear response theory — Kubo formulas — transport coefficients &

§:1irnM

w—0 W
» Consider system at finite B — perturbation du5(t)
> Kubo formula for Gg(t) = i0(—t) ([jus(¢), j3(0)])

1o pw)
neq .~ 1 P\*)
CCME eB wl—% w

P Access out-of-equilibrium Ccyg directly!  # Buividovich '24
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https://inspirehep.net/literature/2779401

Spectral reconstruction

> Spectral representation of Euclidean correlators

-:/dw @ K(w, )
/ ] Y

Lattice Want Known

» On the lattice: N; ~ O(10) ill-posed inverse problem

> Many methods on the market — applied to get other transport
coefficients

> We use a simple method to get a first estimate
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Midpoint method

> Kernel evaluated at the midpoint
cosh[w(T — 3/2)] B B w
sinhwf3/2] = K(w,m=5/2) = sinh[wf/2]

Kw,7)=w

> Behaves as a smeared §(w) when T — 0

Klw, BR2)IT
-
o
8

» Gg(T = [/2) carries first estimate!
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Preliminary results

» Free fermions
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» Dependence on m/T
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Summary & Outlook

Take-home results

» CME vanishes in global thermal equilibrium, also in QCD
» Localized CME signal in QCD
» Opportunity to study out-of-equilibrium CME on the lattice
Next steps
P> Use more precise spectral reconstructions method to extract Cg?\j}E
» Study Cgif}E in QCD
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Anomalous transport

» Transport effects:
;j _ [ oonm ocmE 127
Js OCESE OCSE B

» Chiral Vortical Effect: vector/axial current generated by rotation +

Mt s
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Lattice QCD in a nutshell

» QCD partition function
Z = / DADYDYe % = / DA det M e=5¢

with Sg the Wick-rotated, finite temperature QCD action

1/T 5 TI'GQ _
SEZSG—I-SF:/ dT/dx 5 —I—E ¢f(w+mf)¢f
0 2g 7 ——

=M

» Observables
(0) = / DU det M e=5¢ O

> Lattice QCD:
m Discretize space-time — lattice spacing a
m Numerically evaluate path integral — Monte Carlo methods
m Inherently in equilibrium
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Lattice QCD in a nutshell

» Lattice N2 x N;, T = (aN;)~!, V = a3N3

» Continuum limit: ¢ — 0 (equiv. N; — 00) while V, T fix

» Fermions 1(n) <> points
» Gluons « links ° 4 o
Uu(n) = e € SU(3)
» Background B b(n)
: o @ >@
uy, € U(1) links Uy (n)
No sign problem!
o @ >@
uu(m)
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Lattice QCD in a nutshell

» Fermionic expectation values:

(] - quarks — determinant
m Valence quarks — operator

(0) :/Du-e_SG o

» Quenched approximation: det M = const. (exact when m; — c0)
Perturbatively: neglect virtual §&8ll quark loops

» Different fermion discretizations (doublers appear!):
m Wilson: doublers are given a cutoff dependent mass to decouple in
the continuum limit
m Staggered: Dirac and flavor structure is mixed with coordinate
dependence to reduce doubling problem
m Overlap, Domain Wall, ...
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Currents in staggered

> Staggered “"gammas” (free fermions and quark chemical potential):

1
Fl,(n, m) _ §ny(n)[e“”5”’45n+p,m + €_au6y’45n—zﬁ,m]

1
Ls(n,m) = > €l TRT

-7j7k l
I'ys(n, m) 3,ZezijPFk i,j,k#v
1,4,k
» Conserved vector current and anomalous axial current:

.V _
v = XFVX
A _ op
Jv = XLtwsX

> Staggered observable has a tadpole term, for example CSE

d{J JA
<d;j > o <J4VJ§4>M:0 + <8£>u:

pu=0
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Currents in Wilson

» Local currents (don't fulfill a WI/AWI)

= JJPYMJJ
G = st

» Conserved vector current and anomalous axial current:

[$(n)(vu — r)(n + 1) +9(n) (vu + r)o(n — f1))]

Mlv—*wu—n

[ (s (n+ 1) + (n)yys9(n — )]

» For correlators like <J4VJ§4> we can use different combinations, for

example (JYCIHA), (IVEIAA),

25 /19



Results for free fermions

» Consistency check in the free case
» For m/T = 4 (similar behavior for other m/T's)

0.06
0.02F m/T =4, LT =4 | L. — —
m/T =4,LT =4
C, c 0.04
CSE CME —- Coup = 1/27%
Caot 0000 -6_6-6"% _________________ . Quenched —=- Coup =0
dof 0.00 [ ¥ , Caot £ I111.4681 Staggered
¥ 0.02 g Wilson cons.X anom
=== Cl&i(m/T) Wilson localx anom.
Staggered
—0.02F g Wilson cons.x anom. | ¥y
' Wilson local X anom. P — '9""‘"‘ _____ L S
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
1/N, 1/N,

» Using the correct currents is crucial
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Chirality free fermions

> Naturally

5 T dlogZ
n = — =
> But
T d?log 2
_ 2y _ 2
n5(ks) = 3 — 2 ps + O(p5) = xsps + O(us)
Uy -0
H5=
P> x5 can be calculated with PV and compared to lattice
m/T=15 m/T=3
0.200 T T — ‘I:I‘A 0.200 T T T T — ‘Z,:I‘A
0175} T 0.175) T
0.150 LY . b 0.150
X5 0.125F ¢ 1 X5 0.125F
b ’ ™
0.100f E 0.100
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0.025E 4 0.025E ! i
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/N 1/Ne

» 15 does induce chirality in our system

27 /19



Inhomogenous B free fermions
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