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Motivation for studying the Infrared Regime of QCD

Quark mass Generation: The infrared regime is crucial for
understanding the mechanism of mass generation for quarks. The
spontaneous breaking of chiral symmetry, essential for hadron physics,
takes place in this regime.

Confinement: Quarks and gluons are never found in isolation.

N. Wschebor Valencia, September 2024 3 / 34



Challenges in Infrared QCD

Non-perturbative regime:
Standard perturbative
techniques are not applicable.
Complexity: High
computational complexity in
dealing with low-energy QCD
phenomena.
Lattice QCD: Requires
sophisticated numerical
methods to study QCD on a
discretized space-time lattice.
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What do the numerical simulations observe?
The coupling constant (scheme dependent) has no Landau pole...
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Gluon propagator and ghost dressing function in SU(3).
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Gluon propagator in SU(2).
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Infrared suppression of the three-gluon vertex.

β=���� �=��

β=���� �=��

������� β� �

���� ���� � ��

-����

-���

�

���

�� [���� ]

�
��
�
�
(�

�
�
μ
�
)

β=���� �=��

β=���� �=��

������� β� �

���� ���� � ��

-����

-���

�

���

� � [���� ]

�
��
�
�
�
(�
�
�
μ
�
)

Renormalized connected form factor of the three-gluon vertex
[A. Athenodorou et al. Phys.Lett.B 761 (2016) 444-449]
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Functional methods.
The massive behaviour of the gluon propagator while ghosts remain
massless is also observed by functional methods.
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How large is the coupling in infrared regime of QCD?
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In fact the expansion parameter

λ =
Nα

4π
∼ 0.3

is not large!
Some kind of perturbation theory should be possible.
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The model: Massive gluons (Curci-Ferrari)

Simplest Lagrangian with massive gluon behaviour

Add a gluon mass term:

L = Linv + iha∂µA
a
µ + ∂µc̄

a(Dµc)
a +

m2

2
Aa

µA
a
µ

[G. Curci and R. Ferrari, Nuovo Cim. A 32, 151 (1976).]

Cons:
▶ We don’t know how to generate this Lagrangian.
▶ One free parameter to be adjusted.
▶ The usual construction of the physical space does not apply.
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Pros:
▶ It still has a modified-BRST symmetry which allows to prove

renormalizability. [G. Curci and R. Ferrari, Nuovo Cim. A 35, 1 (1976)]
▶ The mass term regularizes the infrared.
▶ It is possible to use an infrared safe renormalization scheme.
▶ Perturbation theory can be implemented even in the infrared
▶ Feynman rules are identical to usual ones, except for a massive gluon

propagator still transverse in Landau gauge.
▶ Could be related to de Gribov problem.

In the last decade perturbative one and two-loop calculation of
several correlation functions have been done and compared
successfully with lattice simulations.
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Massive behaviour of the gluon propagator
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Massless ghosts
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Moderate coupling constant
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Apparent paradox: Can we have confinement with a moderate coupling?
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Quark confinement (I)

The characterisation of confinement in QCD is non-trivial.

The problem is conceptually simpler in the quenched approximation:
[Wilson, PRD 10 (1974)]

▶ One ignores quark fluctuations.
▶ Quarks are considered as heavy static sources.
▶ Simplest case: quark-antiquark pair is studied the static potential

between these sources.

The static potential can be obtained
from Wilson-loop.

W (C) = P exp
(
ig

∫

C
Aa
µT

adzµ
)

(1)

In the limit T ≫ L,

log⟨W (C)⟩ ∼ −TV (L) (2)

where V (L) is the static potential of the pair quark-antiquark.
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Quark confinement (II)
For a quark-antiquark pair, the confinement is expressed by the linear
growth of the potential:

V (L) ∝ σL (3)

when L is large and σ is the string tension.

This corresponds to the area law of the Wilson loop.

Equivalently, the potential can be calculated as the energy of the pair:

V (L) =
1

2

∫
d3x

〈
(E⃗ a(x))2 + (B⃗a(x))2

〉
(4)

The distribution of
(chromo)electric and magnetic
fields have been measured in
lattice simulations:
[Baker et al., EPJ C 79 (2019)]

They have the shape of a
flux-tube.
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The flux tube (I)
The shape of chromoelectric fields: [Baker et al., EPJ C 79 (2019)]
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chromomagnetic fields are compatible with zero.
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The flux tube (II)
Small coupling constants ⇏ purely perturbative behaviour.

Fields can include a non-analytic behavior on the coupling constants.

An area law of the Wilson loop

⟨P exp
(
ig

∫

C
Aa
µT

adzµ
)
⟩ ∼ exp

(
− σLT

)
(5)

requires at least one Aa
µ ∼ O(1/g)

Perturbative expansion around semi-classical field solutions.

Semiclassical behaviour near quark/antiquark is very difficult.

We will assume very distant sources L → ∞.

V (L) dominated by the cylindrical symmetric region:
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Coordinates and background
Due to the cylindrical symmetry, we employ cylindrical coordinates:

To take into account a semi-classical background field:

Aa
µ(x) = Āa

µ(x) + aaµ(x) (6)

with the Landau-De-Witt gauge:

(D̄µaµ)
a(x) = 0. (7)
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Semiclassical flux tube
Without magnetic fields, a very general semiclassical background with
cylindrical symmetry for N = 2 is (up to gauge transformations):

Āa
µ(x) =

κ

g
δµ,zδ

a,3 + iA(r)δµ,τδ
a,1 + i Ã(r)δµ,τδ

a,3, (8)

The background Ā gives the background electric fields
E 2
z (r) = κA(r), E 1

r (r) = A′(r) and E 3
r (r) = Ã′(r).

We are looking for a solution with a given transverse flux:

ϕ ≡ 2π

∫ ∞

0
dr r E 2

z (r) = 2πκ

∫ ∞

0
dr r A(r). (9)

and finite energy by length of the tube.
To fix the flux ϕ one must consider boundary conditions.
A classical estimate of the flux in the fundamental representation is:

ϕ = g

√
N − 1

2N
(10)

This estimate can be improved by considering loop corrections near
the ends of the flux tube.
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Purely classical equations of motion

Consider first the purely classical equations of motion:

∆rA(r) = κ2A(r), ∆r Ã(r) = 0.
where

∆r =
d2

dr2
+

1

r

d

dr
(11)

To have a finite flux and energy densities at large r :

A(r) ∝ K0(κr), Ã(r) = 0.
where K0(x) is a modified Bessel function.

Problem: K0(x) ∼ − log x for x → 0.

⇒ classical flux density unbounded for low r .
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One-loop corrections
Let us now include one loop corrections.
Keep in mind: The coupling is moderate.
Let us calculate the background field effective action

Γ̄[Ā] = ΓĀ[a = 0]. (12)

Let us first neglect non-linear effects in A in equations of motion but
include one loop corrections on linear equations.
That is, focus on the quadratic part of the effective action in A:

Γ̄[Ā] = −1

2

∫

x ,y
Γ̄(2)κ (x − y)A(rx)A(ry ) +O(A4)

= −2πRT

2

∫ ∞

0
dr r A(r)Γ̂(2)κ (i∂r )A(r) +O(A4). (13)

We keep all non-linear κ-dependence and evaluate at Ã = 0.
The equations of motion become:

Γ̂(2)κ (i∂r )A(r) = Γ̂(2)(∆r + κ2)A(r) = 0. (14)

where Γ̂(2)(q2) = Γ̂
(2)
κ=0(q).
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One-loop corrections with Faddeev-Popov Lagrangian

With the Faddeev-Popov Lagrangian, at one loop:

Γ̂
(2)
FP(q

2) =
(
1 +

11

3
λ ln

q2

µ2
+ c0λ

)
, (15)

where

λ =
g2N

16π2
,

and µ is a renormalization scale and c0 depends on the scheme.

On top of the q2 = 0 solution there is now a non trivial solution:

q2 ∼ µ2exp
(
− 3

11λ

)
(16)

Problem: This solution is not under control because it is at the
Landau pole.
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Improving the infrared
Contributions to the linear part of equations of motion:

Γ̄[Ā] = −2πRT

2

∫ ∞

0
dr r A(r)Γ̂(2)κ (i∂r )A(r) +O(A4).

You can calculate Γ̂
(2)
κ (i∂r ) = Γ̂(2)(∆r + κ2) with your approach of

choice!

Let’s use Curci-Ferrari at one one loop:

Γ̂
(2)
CF (q

2) = q2
[
1 +

λ

6
ln

q2

m2
+ cmλ+O

(
q2

m2
ln

q2

m2

)]
.

which gives two roots: q2 = 0 and q2 = M2 ∼ m2 exp(−6/λ).

The second root is not at the Landau pole!!!!

So the solution is:

A(r) = C1K0(κr) + C2K0(
√
κ2 −M2r) ∼ C̃ r K1(κr) (17)

because M ≪ κ.
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Imposing the flux constraint the solution has the form

A(r) =
ϕκ

4π
f (κr) with f (x) = xK1(x). (18)

That compared wih lattice data for E a=2
z = κA(r) (N = 2):
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Points: lattice data of [Koma et al., PRD 68 (2003)].

Orange curve from [Peláez et al., ArXiV:2405.20532].
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String tension

From A(r) one obtains the string tension:

σ = π

∫ ∞

0
dr r

(
(A′(r))2 + κ2A2(r)

)
=

ϕ2κ2

16π
(19)

The previous fit requires two parameters: ϕ and κ.

One obtains:
N = 2 → ϕ = 2.38, κ = 1.33GeV
N = 3 → ϕ = 2.8, κ = 1.08GeV

From them one can calculate the string tension. One obtains:
N = 2 → √

σ = 446MeV , to be compared with
√
σlattice = 440MeV .

[Koma et al., PRD 68 (2003)]

N = 3 → √
σ = 425MeV , to be compared with

√
σlattice = 464MeV .

[Bornyakov et al., PRD 70 (2004)]

Let us now see how good the CF predicts the values of fix ϕ and κ.
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Fixing the parameters (I)

The Curci-Ferrari models has only two parameters: g and m.

All other quantities can be calculated from them.

A fit from gluon and ghost propagators gives: N = 2 → g = 7.5,
m = 0.68GeV
N = 3 → g = 4.9, m = 0.54GeV .

The parameter κ is calculated minimizing the free-energy.

This requires to include interacting terms in the effective action:

Γ̄[Ā] = 2πRT

∫ ∞

0
dr r

{
− 1

2
A(r)Γ̂(2)κ (i∂r )A(r) + Vκ(A)

}
.

The potential Vκ(A) is calculated at one loop + a field expansion.
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Fixing the parameters (II)

γ̃(κ) =
1

2πRT
Γ̄k

∣∣∣
eqs of motion

ϕ = 1
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A rough estimate of the flux by the tree-level formula:

ϕ = g

√
N − 1

2N
(20)

This fully determine ϕ and κ in terms of m and g .
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Fixing the parameters (III)

Comparison of fit and rough estimates:

Table: Comparison of fit and rough estimate

N = 2 N = 3

κfit 1.33 GeV 1.08 GeV
κminimum 0.87 GeV 0.84 GeV
ϕfit 2.38 2.8
ϕtree 3.75 2.83√
σfit 446 MeV 425 MeV√
σestimate 463 MeV 334 MeV

Tc/
√
σ CF 0.68 0.59

Tc/
√
σ lattice 0.70 0.64

Lattice data: [B. Lucini, M. Panero, Phys. Rept. 526, 93 (2013)].
Critical temperature from CF: [U. Reinosa et al., Phys. Lett. B 742, 61

(2015)]

Parameters estimate is unstable but physical observables are robust.
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Conclusions (I)

Lattice simulations seem to show that :
▶ Gluons behave as massive particles in the IR
▶ Ghost remain massless
▶ The coupling constant is infrared-safe (no presence of Landau-pole)
▶ Moderate coupling: expansion parameter ∼ 0.3

Curci-Ferrari successfully reproduces all observed behaviors in
numerical simulations using a perturbative analyses.

One and two-loop propagators and vertices has been compared
successfully.

An explicit mass for the gluons enables analytical calculations in the
infrared regime.
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Conclusions (II)

CF model possesses consistent semiclassical flux-tube solutions.

This imply the confinement of static quarks.

Flux-tube profile and string tension well reproduced.

A single phenomenological extra parameter with respect to
Yang-Mills.

Any functional method should give the same!

N. Wschebor Valencia, September 2024 32 / 34



Future Work

Further exploration of the model to refine the predictions and extend
them to more complex scenarios.

Computing the complete potential at one-loop order (without
performing a field expansion).

Studying the finite qq̄ distance effects and the Lüscher term.

Can we apply hadron phenomenology?
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How large is the coupling in infrared regime of QCD?
Weinberg’s opinion:
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